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We show that the algebra Der(L) of derivations of a strongly non-
degenerate Lie algebra L graded by an ordered group G with a
ﬁnite grading (and satisfying a mild technical condition) inherits
the grading from L, i.e., Der(L), which turns out to be a strongly
nondegenerate Lie algebra, is G-graded and its support has the
same length as that of L. This result follows by considering Der(L)
as a subalgebra of the graded maximal algebra of quotients of the
Lie algebra L. We specialize the result when L is a Lie algebra of
the form A−/Z A or K/ZK , for A a semiprime associative algebra,
K the Lie algebra of the skew elements of a semiprime associative
algebra with involution, and Z A and ZK their respective centers.
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Introduction
This paper is concerned with the graded structure of the Lie algebra Der(L) of derivations of
a strongly nondegenerate Lie algebra L graded by an ordered group G with a ﬁnite grading. The
mild condition (mentioned in the abstract) we require is Lτ ∩ J = 0 for every nonzero ideal J of L,
where τ is the maximum element in G such that Lτ = 0. We show that for L as above, the strongly
nondegenerate Lie algebra Der(L) has a ﬁnite grading over G and the length of its support is the
same as that of L (Theorem 2.7).
Our approach uses maximal algebras of quotients of Lie algebras. The notion of algebra of quo-
tients in the Lie setting was introduced by the second author in [11]; its properties were explored
in [8,9,4] while the computation of maximal algebras of quotients of certain algebras was treated
in [3,2]. Graded algebras of quotients of graded Lie algebras have been studied in [10] (as well as
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algebras and their Lie ideals).
Given a strongly nondegenerate graded Lie algebra, it is possible to consider its maximal algebra
of quotients (see [11]) and its graded maximal algebra of quotients (as shown in [10]). Although, in
general, both algebras do not coincide [2, Example 2.4], this is not the case for Lie algebras under
our conditions (Theorem 2.5). This is the key point to prove Theorem 2.7. Another important fact
when it comes to prove this result is that every essential ideal contains a graded essential ideal
(Proposition 2.3).
In Section 3 of the paper we devote our study ﬁrst to the case of Lie algebras of the form A−/Z A .
Here we can rely upon the description of the maximal algebra of quotients (obtained in [3]) as a
direct limit of associative derivations of A deﬁned on essential (associative) ideals of A (denoted by
Derm(A)). In particular, if A is simple, or if A is prime and coincides with its Martindale symmetric
ring of quotients, then Derm(A) is precisely Der(A) and we obtain that in these cases Der(A) is
G-graded with a ﬁnite grading and support of the same length as that of A and of A−/Z A (here we
will be considering A a G-graded associative algebra with a ﬁnite grading).
Finally, our arguments can be specialized with some extra effort to the case of a ∗-semiprime
associative algebra A and the Lie algebra K/ZK , where K stands for the skew elements of A under
the involution ∗.
1. Preliminaries
All algebras in this paper, associative or not, will be Φ-modules (for Φ a unital associative and
commutative ring) and, although it will not be always necessary, we will suppose that Φ is 2 and
3-torsion free.
Throughout the paper L and A will always denote a Lie algebra and an associative algebra, respec-
tively, while R will stand for an algebra, associative, Lie, or not. Associative algebras are not assumed
to be unital.
Given a group G , an algebra R is called G-graded if R = ⊕σ∈G Rσ , where Rσ is a submodule
of R and Rσ Rτ ⊆ Rστ for all σ ,τ ∈ G . When the group is understood we will use the term “graded”
instead of “G-graded”. The elements of h(R) :=⋃σ∈G Rσ are called homogeneous; each element in Rσ
is said to be homogeneous of degree σ . For x ∈ R , we will write x =∑σ∈G xσ , where xσ will denote
the homogeneous component of x of degree σ .
Every algebra R can be seen as a graded algebra over any group G by considering the trivial
grading, that is R =⊕σ∈G Rσ , where Re = R (where e is the neutral element of the group G) and
Rσ = {0} for any σ ∈ G \ {e}. Thanks to this fact, every statement for graded algebras can be read in
terms of algebras, without the consideration of the grading.
For any subset X of R =⊕σ∈G Rσ , its support is deﬁned as Supp(X) = {σ ∈ G | xσ = 0 for some
x ∈ X}. By support of a grading of an algebra R we will understand Supp(R).
A grading on R is called ﬁnite if Supp(R) is a ﬁnite set. In particular, every trivial grading has ﬁnite
support.
A subset X of a graded algebra R = ⊕σ∈G Rσ is said to be graded if for every x ∈ X , say x =∑
σ∈G xσ , we have xσ ∈ X for all σ ∈ G . In the particular case of an ideal I of R , it is a graded ideal
if I =⊕σ∈G(I ∩ Rσ ).
It is straightforward to show that the sum, the intersection and the product of graded ideals are
again graded ideals.
Suppose that R =⊕σ∈G Rσ and S =⊕σ∈G Sσ are algebras graded by the same ordered group G
and both with a ﬁnite grading. We say that R and S have supports of the same length if the maxi-
mums and the minimums of Supp(R) and Supp(S) coincide. We will refer to this situation by writing
(Supp(R)) = (Supp(S)).
In what follows, we will always consider abelian groups.
Every graded associative algebra A gives rise to a graded Lie algebra A− by considering the same
module structure and the bracket given by [x, y] = xy − yx. Graded ideals of A− are called graded Lie
ideals of A.
Clearly, if I is a graded ideal of A, then it is also a graded Lie ideal of A.
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algebra R we deﬁne the annihilator of X in Y as the set
AnnY (X) := {y ∈ Y | yx = xy = 0 for every x ∈ X},
and the quadratic annihilator of X in Y by
QAnnY (X) :=
{
y ∈ Y ∣∣ y(xy) = 0 for every x ∈ X}.
(The product of two elements in R is denoted by juxtaposition.) If there is no risk of confusion, we
will write Ann(X) for AnnR(X) and QAnn(X) for QAnnR(X). In the special situation that X = L = Y
(for L a Lie algebra), AnnL(L) is called the center of L and is denoted by ZL or by Z when the algebra L
is understood. For a G-graded associative algebra A, its associative center, Z(A) (or Z A ) coincides with
Z A− ; since it is a graded Lie ideal of A, the quotient A
−/Z is a graded Lie algebra.
If R is a graded algebra, associative or Lie, it is easy to check that AnnR(X) is a graded ideal of R
whenever X is a graded ideal of R . However, the quadratic annihilator of an ideal is not necessarily
either an ideal (see for example [9, Examples 1.1]), or graded (see [2, Example 3.1]).
It is easy to see that if R is associative or Lie and graded semiprime then I ∩ Ann(I) = 0 for all
graded ideals I of R (see [10, Lemma 1.1(ii)] in the case of graded Lie algebras; the proof in the
associative case is essentially the same).
A graded ideal I of R is said to be graded essential if its intersection with any nonzero graded ideal
is again a nonzero graded ideal. If R is associative or Lie and graded semiprime, then a graded ideal I
of R is graded essential if and only if Ann(I) = 0 (the case of graded Lie algebras can be found in
[10, Lemma 1.1(iii)]; for a general algebra, the proof is almost identical). It is easy to see that if I is a
graded essential ideal in a graded semiprime algebra then I2 is also a graded essential ideal. Further,
the intersection of a ﬁnite number of graded essential ideals is clearly again a graded essential ideal.
Note also that nonzero graded ideals of graded prime algebras are always graded essential.
Suppose now that we are considering a Lie algebra L. Every element of QAnnL(L) will be called
an absolute zero divisor. The algebra L is said to be strongly nondegenerate (according to Kostrikin) if it
does not contain nonzero absolute zero divisors, that is, if QAnnL(L) = 0. A graded Lie algebra L is said
to be graded strongly nondegenerate if it does not contain nonzero homogeneous elements which are
zero divisors, i.e., h(L) ∩ QAnnL(L) = 0. It is obvious from the deﬁnitions that graded strongly nonde-
generate Lie algebras are graded semiprime, but the converse does not hold (see [11, Remark 1.1]).
Examples of graded strongly nondegenerate Lie algebras can be obtained following the proof of [1,
Lemma 2.2]; concretely:
Lemma 1.1. If A is a graded semiprime associative algebra then A−/Z A is a graded strongly nondegenerate
Lie algebra.
Let S be a subalgebra of an algebra R . A linear map δ : S → R is called a derivation if δ(xy) =
δ(x)y + xδ(y) for all x, y ∈ S . Denote by Der(S, R) the set of such derivations. By Der(R) we under-
stand the Φ-module Der(R, R); it becomes a Lie algebra if we deﬁne the bracket by [δ,μ] = δμ−μδ,
for every δ,μ ∈Der(R).
Suppose now that the algebra R is G-graded, R =⊕σ∈G Rσ , and that S is a graded subalgebra
of R . We say that a derivation δ ∈ Der(S, R) has degree σ ∈ G if δ(Sτ ) ⊆ Rτσ for every τ ∈ G . In
this case, δ is called a graded derivation of degree σ . Denote by Dergr(S, R)σ the set of all graded
derivations of degree σ . Clearly, it becomes a Φ-module by deﬁning operations in the natural way
and, consequently, Dergr(S, R) := ⊕σ∈G Dergr(S, R)σ is also a Φ-module. In particular, for S = R ,
as the composition of two derivations of degrees σ and τ , respectively, is a map of degree στ , it
happens that Dergr(R) :=Dergr(R, R) is a graded Lie algebra with bracket given as before.
In the particular case where R an associative or Lie algebra, for every element x in R the map
ad x : R → R given by ad x(y) = [x, y] is a derivation of R . If R is graded by a group G and x is a
homogeneous element of degree σ , then ad x is in fact a derivation of degree σ . Derivations of A− ,
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of A that vanishes on [A, A] is a Lie derivation. Incidentally, if δ is a derivation of A, then it is also a
Lie derivation of A. The converse is not true in general.
The algebra of derivations of a graded Lie algebra with a ﬁnite grading also has a ﬁnite grad-
ing. This result follows as a corollary of the following one, which is an adaptation to our setting of
Farnsteiner’s [5, Proposition 1.1].
Proposition 1.2. Let I be a graded ideal of a graded algebra R =⊕σ∈G Rσ (associative or not) and suppose
that the grading on R is ﬁnite. Then Der(I, R) =Dergr(I, R), i.e., the Φ-module Der(I, R) is G-graded with
a ﬁnite grading.
Proof. For every σ ∈ G , consider the natural projections πσ : R → Rσ and pσ : I → Iσ . Let δ ∈
Der(I, R). Then we can write δ = id δ(idI ), where id denotes the identity map on R and idI the
restriction of the identity to I . Observe that id =∑σ∈G πσ and, on the other hand, since I is a graded
ideal of R we get πτ (I) ⊆ I for all τ ∈ G , therefore idI =∑σ∈G pσ and δ = (∑σ∈G πσ )δ(∑τ∈G pτ ) =∑
σ∈G
∑
ατ−1=σ παδpτ . Note that since the support of R is ﬁnite, the sums appearing in this formula
are all ﬁnite. Moreover, for each σ , the map δσ =∑ατ−1=σ παδpτ is a derivation of degree σ of R .
In fact, given x, y ∈ I , we have xy =∑α∈G∑β xβ yαβ−1 and, consequently:
δσ (xy) =
∑
ατ−1=σ
παδpτ (xy) =
∑
ατ−1=σ
παδ
(∑
β
xβ yτβ−1
)
=
∑
ατ−1=σ
∑
β
πα
(
δ(xβ)yτβ−1
)+ ∑
ατ−1=σ
∑
β
πα
(
xβδ(yτβ−1)
)
=
∑
ατ−1=σ
∑
β
πατ−1βδpβ(xβ)yτβ−1 +
∑
ατ−1=σ
∑
β
xβπαβ−1δpτβ−1(yτβ−1)
= δσ (x)y + xδσ (y).
We have proved Der(I, R) = ⊕σ∈G Der(I, R)σ , where an arbitrary element of Der(I, R)σ is∑
ατ−1=σ παδpτ , with δ ∈ Der(I, R). Observe that the grading is ﬁnite as πσ and τσ are nonzero
only for a ﬁnite subset of G , which implies that Der(I, R)σ is nonzero only for a ﬁnite number of
elements in G . This concludes the proof. 
Corollary 1.3. Let R be a G-graded algebra with a ﬁnite grading. ThenDer(R) =Dergr(R).
2. Finite gradings of algebras of quotients
In this section we will be interested in the study of the gradings of algebras of quotients and
of algebras of derivations of strongly nondegenerate Lie algebras ﬁnitely graded by ordered groups.
We determine that any algebra of quotients has the same type of grading, ﬁxing ﬁrst our attention
on the maximal case, and deriving as a consequence the corresponding result for the Lie algebra of
derivations.
We start by recalling what is the main object of this paper: the notion of algebra of quotients of a
Lie algebra, introduced in [11] and extended in [10] to graded Lie algebras.
Deﬁnition 2.1. (See [11,10]). Let L =⊕σ∈G Lσ be a graded subalgebra of a graded Lie algebra Q =⊕
σ∈G Qσ . We say that Q is a graded algebra of quotients of L if one of the following equivalent
conditions is satisﬁed:
(i) Given p and q in h(Q ), with p = 0, there exists x in h(L) such that [x, p] = 0 and [x, L(q)] ⊆ L
(where L(q) denotes the linear span in Q of q and the elements of the form adx1 · · ·adxn q, with
n ∈N and x1, . . . , xn ∈ L).
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that 0 = [I,q] ⊆ L.
For every graded semiprime Lie algebra L there exists a graded algebra of quotients of L which
is unique (up to isomorphism) and is maximal in the sense that it contains an isomorphic image of
every graded algebra of quotients of L (see [10, Section 2]). It is called the maximal graded algebra
of quotients of L and is denoted by Q gr-m(L). It is built from derivations deﬁned on graded essential
ideals of L; concretely, write Igr-e(L) for the family of all graded essential ideals of L. Then:
Q gr-m(L) := lim−→
I∈Igr-e(L)
Dergr(I, L).
The algebra Q gr-m(L) contains L as a graded subalgebra via the graded Lie monomorphism which
sends an element x ∈ L to (ad x)L .
For a semiprime graded Lie algebra L =⊕σ∈G Lσ , both algebras of quotients can be considered:
the maximal and the maximal graded. The maximal graded algebra of quotients of L is a subalgebra
of the maximal algebra of quotients of L: the following deﬁnes a monomorphism of Lie algebras:
ϕ : Q gr-m(L) → Qm(L)
δI → δI
(†)
where for I ∈ Igr-e(L) and δ ∈Der(I, L), δI stands for any arbitrary element of Q gr-m(L).
In general, both algebras of quotients do not coincide, a fact that was established in [2, Proposi-
tion 2.3]. However, for semiprime 3-graded Lie algebras we have the coincidence Qm(L) = Q gr-m(L)
(see [10, Theorem 3.2(i)]). Our next target will be to prove that under a certain condition on the
grading, for strongly nondegenerate Lie algebras with a ﬁnite grading, the maximal and the maximal
graded algebras of quotients coincide.
The following result is the graded analogue of [11, Lemma 2.13]; we omit its proof because it is
very similar to its counterpart.
Lemma 2.2. Let L =⊕σ∈G Lσ be a graded semiprime Lie algebra, and Q =⊕σ∈G Qσ a graded algebra of
quotients of L. Then Q is a graded algebra of quotients of every graded essential ideal of L.
For a subset X of a Lie algebra L, write id(X) to denote the ideal of L generated by X . Observe that
if L =⊕σ∈G Lσ is graded, id(X) is a graded ideal whenever X ⊆ Lσ (for some σ ∈ G).
Proposition 2.3. Let L =⊕σ∈G Lσ be a strongly nondegenerate Lie algebra graded by an ordered group G
with a ﬁnite grading and such that τ is the maximum in Supp(L) (and consequently τ−1 is the minimum in
Supp(L)). If Lτ ∩ J = 0 for any nonzero ideal J of L, then every essential ideal of L contains a graded essential
ideal (of L).
Proof. Let I be an essential ideal of L. Since I is strongly nondegenerate as a Lie algebra (see [13,
Lemma 4], for example) we may use [9, Proposition 2.3(i)] to obtain QAnnL(I) = AnnL(I) = 0. In par-
ticular, 0 = [Lτ , [Lτ , I]] ⊆ Lτ and, consequently, id([Lτ [Lτ , I]]) is a nonzero graded ideal of L contained
in I . This shows that the family
F = {U | U is a graded ideal of L and 0 = U ⊆ I}
is not empty. By Zorn’s Lemma there exists a maximal element J in F . We claim that J is essential as
a graded ideal. Otherwise, by [10, Lemma 1.1(iii)], AnnL( J ) = 0; apply the hypothesis in the statement
to get a nonzero element x ∈ Lτ ∩ AnnL( J ). Since QAnnL(I) = AnnL(I) = 0 we have 0 = [x, [x, I]] ⊆
I ∩ Lτ ∩ AnnL( J ). Note that id([x, [x, I]]) ⊆ I ∩ AnnL( J ) also. By [10, Lemma 1.1(ii)], J ∩ AnnL( J ) = 0,
hence J  J ⊕ (id([x, [x, I]])) ∈F , a contradiction to the maximality of J inside F . 
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a ﬁnite grading. If L is prime or L = id(Lτ ), where τ is the maximum in Supp(L) (and consequently τ−1 is the
minimum in Supp(L)), then every essential ideal of L contains a graded essential ideal (of L).
Proof. We will see that in both cases Proposition 2.3 can be applied.
Suppose ﬁrst that L is prime. Then, every nonzero ideal J of L is essential. By [9, Propo-
sition 2.3(i)], 0 = AnnL( J ) = QAnnL( J ). In particular, Lτ  QAnnL( J ), hence 0 = [Lτ , [Lτ , J ]] =
[Lτ , [Lτ , Jτ−1 ]] ⊆ Lτ ∩ J .
If L = id(Lτ ) then [Lτ , J ] = 0 for every nonzero ideal J of L because, otherwise, using the Jacobi
identity we would have [L, J ] = 0, that is, J ⊆ Z(L) = 0, a contradiction. Using again QAnnL( J ) =
AnnL( J ) we obtain 0 = [Lτ , [Lτ , J ]] = [Lτ , [Lτ , Jτ−1 ]] ⊆ Lτ ∩ J . 
Now we are ready to prove that for an ordered group G the maximal algebra of quotients of a G-
graded Lie algebra with a ﬁnite grading is also G-graded and has support of the same length (under
certain restrictions).
Theorem 2.5. Let L =⊕σ∈G Lσ be a strongly nondegenerate Lie algebra graded by an ordered group G with
a ﬁnite grading such that τ is the maximum in Supp(L) (and consequently τ−1 is the minimum in Supp(L)).
If Lτ ∩ J = 0 for any nonzero ideal J of L, then the maximal algebra of quotients Q := Qm(L) of L coincides
with the maximal graded algebra of quotients Q gr-m(L) of L. Moreover, (Supp(Q )) = (Supp(L)).
Proof. Consider ϕ , the monomorphism of Lie algebras given in (†). If ρ J ∈ Qm(L), with J an essential
ideal of L and ρ a derivation from J to L, then by Proposition 2.3 there exists an essential graded
ideal J ′ of L contained in J . Denote by ρ ′ the restriction of ρ to J ′ . By Proposition 1.2, ρ ′ is a
graded derivation, so ρ ′J ′ ∈ Q gr-m(L). Moreover, ϕ(ρ ′J ′ ) = ρ J , which shows that ϕ is in fact surjective;
therefore, an isomorphism.
Now we will prove that (Supp(Q )) = (Supp(L)). Write Q =⊕σ∈G Qσ , and suppose that there
exists 0 = q ∈ Qα for some α > τ (the case α < τ−1 is similar). Apply that Q is a graded al-
gebra of quotients of L to ﬁnd an essential graded ideal I of L such that 0 = [q, I] ⊆ L. Then
[q, [I, I]] ⊆ [[q, I], I] ⊆ I and, consequently, [q, [q, [I, I]]] ⊆ [q, I] ⊆ L. Since the degree of q is α > τ ,
a reasoning on the degree of any homogeneous element in [q, [q, [I, I]]] shows that it must be zero,
so q ∈ QAnnQ ([I, I]). By Lemma 2.2, Q is a graded algebra of quotients of [I, I] which, as a Lie alge-
bra, is strongly nondegenerate (see, for example [13, Lemma 4]). By [9, Theorem 2.2(ii)], and taking
into account that an ideal of L is essential if and only if it is graded essential ([2, Lemma 1.1(iii)]), we
obtain QAnnQ ([I, I]) = 0, hence q = 0, a contradiction. 
Corollary 2.6. Let L =⊕σ∈G Lσ be a strongly nondegenerate Lie algebra ﬁnitely graded by an ordered group G
and such that Lτ ∩ J = 0 for any nonzero ideal J of L, where τ is the maximum in Supp(L) (and consequently
τ−1 is the minimum in Supp(L)). Then every graded algebra of quotients T of L has a ﬁnite grading and
(Supp(L)) = (Supp(T )).
Proof. Considering L ⊆ T ⊆ Q gr-m(L) we have

(
Supp(L)
)
 
(
Supp(T )
)
 
(
Supp
(
Q gr-m(L)
))
.
Since (Supp(L)) = (Supp(Q gr-m(L))), by Theorem 2.5, we obtain (Supp(L)) = (Supp(T )). 
Theorem 2.7. Let L =⊕σ∈G Lσ be a strongly nondegenerate Lie algebra graded by an ordered group G with
a ﬁnite grading such that τ is the maximum in Supp(L) (and consequently τ−1 is the minimum in Supp(L)).
If Lτ ∩ J = 0 for any nonzero ideal J of L, then Der(L) is G-graded, the grading is ﬁnite and (Supp(L)) =
(Supp(Der(L))).
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ψ : Der(L) → Q gr-m(L)
δ → δL
By Corollary 1.3 the Lie algebra Der(L) is G-graded, so ψ is a homomorphism of graded Lie algebras;
in fact, it is a monomorphism. Indeed, δL = 0 means that there exists a graded essential ideal I
of L such that δ(I) = 0; if δ(x) = 0 for some x ∈ L, apply that AnnL(I) = 0 to ﬁnd y ∈ I such that
0 = [y, δ(x)] = δ([y, x]) − [δ(y), x] = 0, a contradiction. By Theorem 2.5 the algebra Q gr-m(L) has a
ﬁnite grading and (Supp(L)) = (Supp(Q gr-m(L))), hence Der(L)σ = 0 for any σ ∈ G with σ > τ
or σ < τ−1. This completes the proof as L can be seen as a subalgebra of Der(L) (via the adjoint
representation), hence every nonzero homogeneous component in L provides a nonzero homogeneous
component in Der(L). 
3. The cases of the Lie algebras A−/ZA and K/ZK
We continue the paper by considering graded Lie algebras of the form A−/Z A and K/ZK , for A
an associative algebra graded by an ordered group and K the Lie algebra of the skew elements of
an associative algebra with involution. We remark that for associative algebras graded by ordered
groups, graded primeness (semiprimeness) is equivalent to primeness (semiprimeness), as shown in
[7, Proposition II.1.4], so there is no need to distinguish between the graded and the non-graded
notions in the statements.
The following is the ﬁrst result we want to point out:
Lemma 3.1. Let A =⊕σ∈G Aσ be a semiprime associative algebra graded by an ordered group G with a ﬁnite
grading. Then Z(A) ⊆ Ae.
Proof. Denote by {e} ∪ {σ1, . . . , σn} the support of A. For each i ∈ {1, . . . ,n}, the subgroup of G gener-
ated by σi , that is, {σmi |m ∈N∪ {0}}, which is inﬁnite, is not contained in Supp(A). This means that
there exists ki ∈N such that Aσi ki = 0. Let k be the maximum of all these ki ’s. Then Aσ ki = 0.
For any a ∈ Aσi ∩ Z A , (Aa)k ⊆ Akak ⊆ Ak Aσ ki = 0. Since A is semiprime, it has no nonzero nilpotent
ideals, hence Aa = 0 and, again by semiprimeness of A, we obtain a = 0. 
Remark 3.2. Lemma 3.1 implies that for every semiprime associative algebra A =⊕σ∈G Aσ , where
G is an ordered group and Supp(A) a ﬁnite set, the Lie algebra A−/Z has the same support as the
algebra A. This fact will be used in the sequel without further mention to it.
Proposition 3.3. Let A =⊕σ∈G Aσ be a semiprime associative algebra graded by an ordered group G with a
ﬁnite grading such that τ is the maximum in Supp(A) (and consequently τ−1 is the minimum in Supp(A)). If
Aτ ∩ J = 0 for any nonzero ideal J of A, then Qm(A−/Z) ∼= Q gr-m(A−/Z), which is a G-graded Lie algebra
having support of the same length as that of A−/Z (and of A).
Proof. The grading of A is clearly inherited by A−/Z which is a strongly nondegenerate Lie algebra
(use for example Lemma 1.1). Hence, Theorem 2.5 applies to get the result. 
Suppose now that A is a semiprime associative algebra. In [3] the authors considered the Lie
algebra
Derm(A) = lim−→
I∈I (A)
Der(I, A),
e
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derivations from I into A.
This Lie algebra turns out to be isomorphic to the maximal algebra of quotients of the Lie algebra
A−/Z A in the case where A is a prime algebra with deg(A) = 3 or char(A) = 3 (see [3, Theorem 4.7]).
From this fact, Proposition 1.2, Corollary 2.4 and Proposition 3.3 we obtain the following:
Theorem 3.4. Let A =⊕σ∈G Aσ be a prime associative algebra graded by an ordered group G with a ﬁnite
grading. Then Qm(A−/Z) ∼= Q gr-m(A−/Z) ∼= Derm(A) are G-graded Lie algebras with ﬁnite gradings and
supports of the same length as that of A−/Z (and of A).
Recall that the symmetric Martindale ring of quotients of a prime algebra A is an algebra Q s(A)
satisfying the following properties:
(i) A is a subalgebra of Q s(A);
(ii) for every q ∈ Q s(A) there exists a nonzero ideal I of A such that qI ∪ Iq ⊆ A;
(iii) for every q ∈ Q s(A) and every nonzero ideal I of A, qI = 0 or Iq = 0 implies q = 0;
(iv) if I is a nonzero ideal of A and f : I A → AA and g : A I →A A are such that xf (y) = g(x)y for all
x, y ∈ I , then there exists q ∈ Q such that f (x) = qx and g(x) = xq for all x ∈ I .
It is a fact that Q s(A) exists and is characterized up to isomorphism by these four properties. We
refer the reader to [6] for an account of this concept.
Proposition 3.5. Let G be an ordered group and A =⊕σ∈G Aσ a prime graded algebra with a ﬁnite grading
such that Q s(A) = A, then Qm(A−/Z) ∼= Q gr-m(A−/Z) ∼= Der(A) are G-graded Lie algebras with ﬁnite
gradings and supports of the same length as that of A−/Z (and of A).
Proof. Apply Theorem 3.4 and [3, Corollary 4.8]. 
Proposition 3.6. Let A =⊕σ∈G Aσ be a graded simple algebra, with G an ordered group, and assume the
grading is ﬁnite. Then Der(A) ∼= Qm([A, A]/Z[A,A]) ∼= Qm(A−/Z A) ∼= Q gr-m(A−/Z A) ∼= Q gr-m([A, A]/
Z[A,A]) are G-graded Lie algebras with ﬁnite gradings and supports of the same length as that of A−/Z (and
of A).
Proof. By Lemma 1.1 the Lie algebra A−/Z is strongly nondegenerate. Now, since Z([A, A]) =
Z(A) ∩ [A, A], [A, A]/Z[A,A] ∼= [A−/Z A, A−/Z A], which is an ideal of A−/Z A . By [13, Lemma 4] the
Lie algebra [A−/Z A, A−/Z A] is strongly nondegenerate too. Hence, Theorem 2.5 gives Qm(A−/Z A) ∼=
Q gr-m(A−/Z A) and Qm([A, A]/Z[A,A]) ∼= Q gr-m([A, A]/Z[A,A]). On the other hand, from [3, Corol-
lary 3.6] we obtain Qm(A−/Z A) ∼= Qm([A, A]/Z[A,A]); reasoning as before we have Q gr-m(A−/Z A) ∼=
Q gr-m([A, A]/Z[A,A]). Finally, apply [3, Corollary 4.9] to obtain Qm(A−/Z A) ∼=Der(A). 
Now, let A be an associative algebra with an involution ∗; then the set of its skew elements
K = KA =
{
x ∈ A ∣∣ x∗ = −x}
is a subalgebra of the Lie algebra A− .
We also have to deﬁne the concept of the degree of a prime algebra A. The reason for this is that
algebras of certain low degrees must be excluded in the results on Lie derivations that we are going
to apply.
For every x ∈ A we deﬁne deg(x) as the degree of algebraicity of x over the extended centroid C
(which is the center of Q s(A)), provided that x is algebraic. If x is not algebraic, then we deﬁne
deg(x) = ∞. Further we deﬁne deg(A) = sup{deg(x) | x ∈ A}. It is well-known that deg(A) < ∞ if and
only if A is a PI-algebra. Furthermore, it is known that deg(A) = n < ∞ if and only if A satisﬁes
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gree < 2n, and this is further equivalent to the condition that A can be embedded into the matrix
algebra Mn(F ) for some ﬁeld F (say, one can take the algebraic closure of C for F ), but cannot be
embedded into Mn−1(K ) for any commutative algebra K .
Remark 3.7. Suppose A =⊕σ∈G Aσ graded and that the involution is graded, i.e., A∗σ ⊆ Aσ for all
σ ∈ G . Then, for any element x =∑ xσ ∈ K we have x∗ =∑ x∗σ =∑(−xσ ) and applying that ∗ is
graded we get x∗σ = −xσ . This means, in other words, that the G-grading of A− is inherited by the
Lie algebra K , although both algebras do not necessarily have supports of the same length (see [12,
Lemma 6.4(i)] for an example). Hence, in order to guarantee that the length of the grading on K is the
same as that on A− the assumption Kτ ∩ J = 0 for any noncentral ideal J of K is required (where τ is
the maximum and, consequently, τ−1 is the minimum, in Supp(A) and we are supposing G ordered).
If this condition is fulﬁlled and the involution is either of the second kind or else of the ﬁrst kind and
deg(A) > 2, applying Remark 3.2 and ZK = Z ∩ K (which will be proved in Lemma 3.9(i)) we get that
K/ZK and A have supports of the same length.
The maximal algebra of quotients Qm(K/ZK ) of K/ZK (for K the Lie algebra of skew elements
of a prime associative algebra A with involution ∗ and satisfying deg(A) > 4) was computed in [3,
Theorem 5.14]; it was proved to be isomorphic to
SDerm(A) := lim−→
I∗(A)
SDer(I, A),
where I∗(A) is the ﬁlter of ideals of A invariant under the involution and SDer(I, A) are those deriva-
tions from I into A such that δ(y∗) = δ(y)∗ for every y ∈ I . We write SDer(A) to denote SDer(A, A).
In order to obtain the counterparts of the corollaries above for the case K/ZK we need the fol-
lowing results. Lemma 3.8 can be obtained, for example, as a particular case of [9, Proposition 2.7].
Lemma 3.8. Let A be a prime algebra with involution ∗ and assume that the involution is either of the second
kind, or else of the ﬁrst kind and deg(A) > 2. Then K/ZK is a strongly nondegenerate Lie algebra.
Lemma 3.9. Let A be a prime algebra with involution ∗ and assume that the involution is either of the second
kind, or else of the ﬁrst kind and deg(A) > 2. Then:
(i) ZK = K ∩ Z A .
(ii) Z[K ,K ] = [K , K ] ∩ ZK .
(iii) [K , K ]/Z[K ,K ] is isomorphic (as a Lie algebra) to [K/ZK , K/ZK ], which is an essential ideal of K/ZK .
Proof. (i) is [3, Lemma 5.3].
(ii). Consider an element x ∈ Z[K ,K ] . Then [x, [K , K ]] = 0; in particular, [x, [x, K ]] = 0. By Lemma 3.8
this implies x ∈ ZK , and we have proved Z[K ,K ] ⊆ [K , K ] ∩ ZK . The other containment is obvious.
(iii). Conditions (i) and (ii) imply that the map from [K , K ]/Z[K ,K ] into K/ZK given by [x, y] +
Z[K ,K ] → [x, y] + ZK is a well-deﬁned Lie monomorphism. Observe that the image of this homomor-
phism is [K/ZK , K/ZK ], which is an essential ideal of K/ZK because it is the square of an essential
ideal of a strongly nondegenerate Lie algebra (by Lemma 3.8). 
In the rest of the section we will consider graded associative algebras A =⊕σ∈G Aσ with a graded
involution ∗.
Proposition 3.10. Let A =⊕σ∈G Aσ be a prime associative algebra with an involution ∗ which is either of the
second kind or of the ﬁrst kind and deg(A) > 2. Assume the group G ordered and the grading ﬁnite and that τ
and τ−1 are the maximum and the minimum, respectively, in Supp(A). If Kτ ∩ J = 0 for any noncentral ideal
J of K , then Qm(K/ZK ) ∼= Q gr-m(K/ZK ) is a G-graded Lie algebra with support of the same length as that of
K/ZK (and of A).
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dition Kτ ∩ J = 0 for a noncentral ideal J of K implies, by Lemma 3.1 and Lemma 3.9(i), that
Kτ ∩ J  ZK , hence we may apply Theorem 2.5 to the Lie algebra K/ZK to obtain the result. 
Theorem 3.11. Let A =⊕σ∈G Aσ be a prime associative algebra with an involution ∗ and deg(A) > 4. As-
sume the group G ordered and the grading ﬁnite and that τ (and consequently τ−1) is the maximum (the
minimum, respectively) in Supp(A). If Kτ ∩ J = 0 for any noncentral ideal J of K , then Qm(K/ZK ) ∼=
Q gr-m(K/ZK ) ∼= SDerm(A) are G-graded Lie algebras with ﬁnite gradings and support of the same length
as that of K/KZ (and of A).
Proof. Apply Proposition 3.10 and [3, Theorem 5.14]. 
Corollary 3.12. Let A = ⊕σ∈G Aσ be a prime associative algebra with an involution ∗ and assume that
Q s(A) = A and deg(A) > 4. Assume the group G ordered and the grading ﬁnite and that if τ is the max-
imum in Supp(A) then Kτ ∩ J = 0 for any noncentral ideal J of K . Then Qm(K/ZK ) ∼= Q gr-m(K/ZK ) ∼=
SDer(A) are G-graded Lie algebras with ﬁnite gradings and support of the same length as that of K/ZK (and
of A).
Proof. It follows from Theorem 3.11 and [3, Corollary 5.15]. 
Proposition 3.13. Let A =⊕σ∈G Aσ be a simple associative algebra with an involution ∗ and deg(A) > 4. As-
sume the group G ordered and the grading ﬁnite and that τ (and, consequently, τ−1) is themaximum (themin-
imum, respectively) in Supp(A). If Kτ ∩ J = 0 for any noncentral ideal J of K , then Q gr-m([K , K ]/Z[K ,K ]) ∼=
Q gr-m(K/ZK ) ∼= Qm(K/ZK ) ∼= Qm([K , K ]/Z[K ,K ]) ∼= SDer(A) are G-graded Lie algebras with ﬁnite grad-
ings and supports of the same length as that of K/ZK (and of A).
Proof. The Lie algebras K/ZK and [K , K ]/Z[K ,K ] are G-graded with the grading inherited by the
grading of A; by Lemma 3.8, K/ZK is strongly nondegenerate and by [13, Lemma 4], [K , K ]/Z[K ,K ]
is strongly nondegenerate too. Apply Theorem 2.5 to get that the Lie algebras Qm(K/ZK ) ∼=
Q gr-m(K/ZK ) and Qm([K , K ]/Z[K ,K ]) ∼= Q gr-m([K , K ]/Z[K ,K ]) are G-graded with support of the same
length as that of Supp(K/ZK ). On the other hand from [3, Corollary 3.6] it follows Qm(K/ZK ) ∼=
Qm([K , K ]/Z[K ,K ]). Analogously we have Q gr-m(K/ZK ) ∼= Q gr-m([K , K ]/Z[K ,K ]). By [3, Corollary 5.16]
we obtain Qm(K/ZK ) ∼= SDer(A), which ﬁnishes the proof. 
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